Folded supersymmetry (f -SUSY) stabilizes the weak scale against radiative corrections from the top sector via scalar partners whose gauge quantum numbers differ from their Standard Model counterparts. This non-trivial pairing of states can be realized in extra-dimensional theories with appropriate supersymmetry-breaking boundary conditions. We present a class of calculable f -SUSY models that are parametrized by a non-trivial twist in 5D boundary conditions and can accommodate the observed Higgs mass and couplings. Although the distinctive phenomenology associated with the novel folded states should provide strong evidence for this mechanism, the most stringent constraints are currently placed by conventional supersymmetry searches. These models remain minimally fine-tuned in light of LHC8 data and provide a range of both standard and exotic signatures accessible at LHC13.
I. Introduction
The canonical solutions to the naturalness problem of the Standard Model are based on supersymmetry (SUSY) or compositeness. Both of these approaches lead to "top partner"
states that carry the Standard Model gauge quantum numbers of the top quark and couple to the Higgs boson with a strength set by the top Yukawa. The QCD charge of the top partners implies a large production cross section at the LHC. Searches for these states have been performed using data from LHC8, and the null results can be interpreted as constraining naturalness in the context of these models (see e.g. [1, 2] for reviews on the status of SUSY).
In particular, the non-observation of partner states gives rise to a "little" hierarchy problem -percent-level cancellations between threshold corrections are required to reconcile the weak scale with experimental bounds on the new states predicted by supersymmetry or compositeness.
However, as was first pointed out in the seminal papers [3, 4] , it is logically consistent for the top partner states to be color-neutral. The resulting signatures can differ wildly from those traditionally associated with naturalness. The production cross-section of the un-colored top partners is significantly reduced, with correspondingly weaker limits at the LHC [5] . Lighter top partners are thus consistent with data, ameliorating the tension of the little hierarchy problem. There are two broad classes of these so-called "neutral natural" models: Twin Higgs models [3, [6] [7] [8] [9] [10] [11] (or their generalization into the Orbifold Higgs [12] ) rely on a shift symmetry to protect the Higgs potential, whereas models of Folded SUSY (f -SUSY) are supersymmetric at short distances [4] . In both cases, discrete symmetries enforce the equality of the Higgs couplings to the top quark and its un-colored partners.
This results in the accidental partial restoration of the UV symmetry at low energies.
For models with shift symmetries in the UV, e.g. Twin Higgs, the Higgs quartic must necessarily be generated at loop level (with the possible exception of terms arising from collective symmetry breaking [6, 13] ). Since the Higgs mass parameter is generically one loop down from the scale of global symmetry breaking f , naturalness suggests that v ∼ f , where v is the Higgs vacuum expectation value (vev). Furthermore, misalignment of the Higgs boson from the SM vacuum leads to irreducible Higgs coupling deviations parametrized by (v/f ) 2 ;
experimental constraints derived from Higgs properties require f 700 GeV [14] , imposing a minimum tuning cost irrespective of the direct search reach for partner states. In contrast, neutral natural models relying on supersymmetry, such as f -SUSY, can accommodate both a tree-level quartic and a Higgs boson aligned with the Standard Model vacuum. As such, top partner masses can be pushed as high as ∼ 500 GeV with no attendant loss of naturalness.
How does one construct a model of neutral naturalness that is consistent with SUSY at high energies? Specifically, since the N = 1 global supersymmetry commutes with the Standard Model gauge group, the low-energy pairing of colored and un-colored states in f -SUSY resembles hard SUSY breaking from a 4D perspective. Clearly both the colored and un-colored states must come in full supermultiplets. Then the desired low energy spectrum must be realized through SUSY-breaking. This can be naturally realized in 5D
theories compactified on S 1 /Z 2 with suitable boundary conditions. Since SUSY breaking is realized non-locally in the extra dimension, i.e., the Scherk-Schwarz mechanism [15, 16] , contributions to the Higgs potential are finite despite the inherently low cutoff scale typical of 5D models.
Given this feature of calculability, it is interesting to undertake a careful analysis of electroweak symmetry breaking in f -SUSY. In this paper we describe the relation between the allowed parameter space and weak scale fine-tuning. We will begin by analyzing f -SUSY in its original incarnation, wherein the un-colored f -top partners are massless at tree-level while their colored counterparts have a large mass set by the compactification scale. As will be shown below, the Higgs potential (given by an approximate two-loop calculation) does not appear to yield a non-zero vacuum expectation value for the Higgs boson. This motivates deforming minimal f -SUSY in order to simultaneously achieve both electroweak symmetry breaking and a 125 GeV Standard Model-like Higgs boson. One minimal extension is to allow for a non-trivial twist α ∈ [0, 1/2] in the Scherk-Schwarz boundary conditions, leading to tree-level masses for the zero-mode f -scalars and thereby controlling a partial cancellation between top and f -top sector contributions to the Higgs potential. This additional parametric freedom provided by α allows electroweak symmetry breaking to be triggered at one loop without spoiling the attractive features of finiteness and calculability.
In the minimally tuned regions of parameter space, f -SUSY models with non-trivial twist give rise to a range of observable phenomenology. Generic predictions include many of the exotic signatures associated with the original model of f -SUSY. For example, the f -squarks with mass |α − 1/2|/R behave as scalar squirks [17] that annihilate to electroweak resonances [5, 18] . There are also interesting hidden-valley-like [19, 20] observables associated with the f -glueball states [11, 21, 22] . Additionally, these models may be probed indirectly through precision Higgs measurements [23, 24] .
The precise phenomenology depends in detail on both the Scherk-Schwarz twist and on the geographic distribution of supersymmetric multiplets in the extra dimension. For concreteness, we will focus on two specific models distinguished by the details of the Higgs sector. In the first model, the Higgs bosons will be restricted to a four-dimensional brane.
In this case, we will see that the dominant constraint arises from a combination of precision Higgs measurements and searches for the heavy Higgs bosons. In the allowed region of parameter space, this model is tuned at the O(0.2%) level. This motivates studying a second model where the Higgs fields are allowed to propagate in the bulk. Now both the Higgsinos and the heavy Higgs states are lifted using boundary conditions. This alleviates the tension with Higgs measurements and allows for a reduction in fine-tuning to better than the 10% level. The dominant collider signature will come from gluino-squark associated production.
Intriguingly, compressed spectra are a generic feature of these models, weakening limits on radius of the extra dimension. In both the brane and bulk Higgs cases, discovery will proceed through the detection of MSSM-like states, followed by the spectacular observation of the f -squark sector.
The rest of this paper is organized as follows: In Sec. II we review the generic features of 5D supersymmetric theories with Scherk-Schwarz SUSY breaking. In Sec. III we describe the top and gauge sectors of f -SUSY with arbitrary Scherk-Schwarz twist, along with the radiatively-generated Higgs potential. In Secs. IV and V we present in detail the parameter space and fine-tuning implications of two complete models in which the Higgses are alternately localized on the brane at y = 0 or allowed to propagate in the bulk. Finally, we conclude in Sec. VI. We reserve a variety of technical results for a series of appendices.
II. Supersymmetry in 5D
In this section we review some basic properties of theories with Scherk-Schwarz SUSY breaking. In particular, we consider 5D theories compactified on S 1 /Z 2 in which SUSY is broken by boundary conditions on the orbifold fixed points. As the smallest spinor in 5D
is Dirac (with 8 real components), when written in terms of 4D superfields [25] the matter content must be equivalent to that of N = 2 SUSY. Furthermore, the interactions in the bulk must respect the full SU (2)×U (1) R symmetry. Just as in the non-supersymmetric case, the low-energy theory will not contain chiral fermions unless suitable boundary conditions are chosen to "project out" the zero-mode Dirac partners. A Dirichlet (Neumann) boundary condition then corresponds to an odd (even) eigenvalue under reflection about y = 0 (π R), hereafter denoted Z (Z ). This may be accomplished in an N = 1 SUSY-invariant way by choosing Z and Z to act on complete 4D superfields.
A. Supersymmetry Breaking by Boundary Conditions
The action of the transformations Z, Z on superfields are
where Z 2 = Z 2 = 1. The apparent N = 2 SUSY is broken down to N = 1 if the eigenvalues are different for each of the N = 1 superfields in an N = 2 multiplet. In particular, we may choose Z = U Σ 3 U −1 , in which Σ 3 is +1 (−1) on even (odd) N = 1 superfields. Here we take U to be a 2 × 2 matrix acting on the SU (2) R doublets; it acts trivially on SU (2) R singlets. More generally, the eigenvalues Σ 3 can be chosen to break additional symmetries, and likewise the rotation matrices can act on other symmetry multiplets [26] , although we ignore this possibility for simplicity.
We will work in the basis in which Z is diagonal, Z = Σ 3 . If boundary conditions are chosen such that the same N = 1 SUSY is respected by both of the fixed points, then U = 1 and Z = Σ 3 , corresponding to [Z, Z ] = 0. In this case, the low-energy theory after KK decomposition will also be N = 1 supersymmetric. In general, however, the fixed points may be taken to be invariant under inequivalent SUSY transformations. Then we can parameterize this commutator by a single angle (ignoring possible phases), 0 ≤ 2 π α ≤ π, which parameterizes the rotation between bases in which Z, Z are respectively diagonal.
1
In the diagonal basis of Z, Z is then given by
For α = 0, Z and Z commute as above, and the theory is N = 1 supersymmetric. At α = 1/2, these Z 2 transformations are "orthogonal" in the sense that again Z, Z = 0, but Z = −Z. For general 0 < α < 1/2, Z and Z do not commute; in the basis where Z = Σ 3 , we have
As an example, consider a matter hypermultiplet, Φ, Φ c , composed of a conjugate pair of 4D chiral superfields, Φ ∼ (φ, ψ) and Φ c ∼ (φ c , ψ c ). Without loss of generality, we may take Φ and Φ c to be eigenstates of Z. Then the eigenstates of Z are, in general, inequivalent
At maximal twist (α = 1/2), φ = φ c † and φ c = −φ † . This situation is illustrated in Fig. 1 .
After integrating out the extra dimension, the component fields may be KK decomposed,
, with each mode having an apparent 4D mass m
For example, given the boundary conditions in Fig. 1 , the KK modes of each component field 1 If other symmetries were also broken with boundary conditions, the commutator would be parameterized by additional angles corresponding to the orientation of Z, Z in the space of these additional symmetries.
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Component field eigenvalues under reflections at y = 0 and y = π R, shown for a matter hypermultiplet (left) and a vector multiplet (right) at maximal twist. Solid (dashed) lines represent component field groupings into 4D superfields at y = 0 (π R).
will be split in mass. At low energies this is just a theory with softly-broken SUSY. This approach to SUSY breaking is the Scherk-Schwarz mechanism; for explicit wave functions and arbitrary boundary conditions, see the Appendix.
Noting that the theory is locally N = 1 invariant everywhere in the extra dimension, all SUSY-breaking effects must be global in nature. In particular, all UV divergences, which correspond to contractible loops, must vanish supersymmetrically. The SUSY-breaking contributions of these loops come from wrapping the virtual propagators around the extra dimension, so that they "see" the SUSY-breaking boundary conditions. The space-like separation of these propagators gives an exponential suppression at high momenta, rendering all such loops finite [27] [28] [29] [30] [31] . Therefore, although 5D models with bulk gauge fields are intrinsically non-renormalizable and necessarily come equipped with a UV cutoff Λ (which in the models we will consider is not far above 1/R), all SUSY-breaking effects will be calculable. In particular, as we will see in the following sections, all corrections to the Higgs potential are explicitly finite.
Another generic feature of Scherk-Schwarz SUSY breaking is a compressed spectrum of all the 4D states who descend from bulk fields [32, 33] . All of the bulk states of the theory share a common R-symmetry; absent additional global symmetries which may be broken by boundary conditions, common boundary conditions for all of the superpartners are enforced.
Thus, up to radiative and/or volume-suppressed corrections, there will be a common mass for all zero-mode superpartners. Of course, brane-localized states do not share this common mass, and so ultimately the implications of compression in Scherk-Schwarz theories depends on the detailed geography of brane and bulk states. As we will discuss in Section V, there are a variety of realistic models in which compression leads to a considerable reduction in the strength of collider limits.
B. Calculability and its Discontents
The novel properties of Scherk-Schwarz SUSY breaking have been explored in previous papers in the context of the Minimal Supersymmetric Standard Model (MSSM) [26, 27, 29, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . In addition to a natural, calculable breaking of electroweak symmetry, these 5D
implementations of the MSSM predict a relatively large Higgs mass (quite near the measured value) when one or both of the top quark multiplets propagate in the bulk. However, since the scalar potential is controlled by only one scale, the compactification radius is uniquely predicted by the Higgs vev, and there is no parametric freedom that could allow the tuning of radiative contributions in order to raise 1/R while keeping the Higgs vev fixed. As might be expected from naturalness considerations, one then finds the observed weak scale corresponds to 1/R 700 GeV [34] , and therefore an experimentally-excluded gluino mass,
Introducing the folded sector provides the necessary parametric freedom to raise the KK mass scale beyond the reach of current bounds. In the limit of maximal twist (see Fig. 2 below for an illustration) the one-loop top contribution to the Higgs potential vanishes due to the presence of an "accidental supersymmetry." As α is lowered from α = 1/2, the size of the top contribution to the Higgs soft mass is increased from zero, while the gauge contribution is decreased, allowing the value of 1/R corresponding to v 174 GeV to be continuously varied. In folded theories, the weak scale can be accommodated with larger values of 1/R relative to those predicted by 5D realizations of the MSSM.
Alternatively, one could relax the requirement of calculability and couple the MSSM to arbitrary SUSY breaking on one of the branes; this possibility has recently been explored in [47] . In these models, there is a new scale of SUSY breaking that is not determined by the radius of compactification. In principle, electroweak symmetry breaking along with an arbitrary spectrum can be achieved, but at the expense of introducing irrelevant operators with relatively large, unknown coefficients. For the remainder of this paper, we will neglect this possibility by focusing on calculable scenarios in which the Scherk-Schwarz twist is the only source of SUSY breaking.
There is one caveat to complete calculable control. Any operators allowed by N = 1 SUSY that are consistent with all the symmetries in the theory may be generated on the 4D branes at the cutoff scale Λ. This manifests as non-trivial brane kinetic terms and other incalculable Kähler potential operators, such as K ⊃ δ(y) Z ij Φ † i Φ j . As the theory is strongly coupled at scale Λ, these coefficients should not be assumed to be small; in particular, they may have a substantial impact on the low-energy spectrum since ΛR is not large.
One concern is that the flavor structure of these terms would lead to large flavor violating effects at low energies. Since this is set by the strong dynamics above Λ, we will assume that the UV theory respects the flavor symmetries of the Standard Model up to the Yukawa couplings, i.e., minimal flavor violation. We will therefore not consider flavor constraints on the model from large brane-localized operators. Of course, there may still be sizable flavor-preserving operators. In general, since these operators are confined to the branes, volume suppression will render the associated corrections small. there is a quadratically-divergent one-loop diagram leading to incalculable FI terms localized on the orbifold fixed points [35, 40, 48, 49] . These FI terms have two effects: first, they lead to explicit Higgs soft masses through the D-term potential; second, they quasi-localize all hypercharge-carrying states to the 4D branes through their 5D gauge kinetic terms. The latter (subdominant) effect modifies the 5D wave functions, changing the effective couplings of these states to the Higgs through their wave function overlaps. In principle, these effects can be included as a free, incalculable parameter in the model. In the analysis below, we will assume the quadratically divergent contributions are not present and will set them to zero. This is consistent with the low-energy degrees of freedom for the model in which the Higgs states are localized to the brane at y = 0 (see Sec. IV). For the model with the Higgs propagating in the bulk, such a quadratic divergence does arise. However, as we will show in Sec. V, the light Higgs doublet lies along a D-flat direction; consequently, the FI terms do not contribute to its soft mass.
III. Folded Supersymmetry
Having reviewed the general features of SUSY breaking by boundary conditions, this section will explain how the folded approach yields a model of neutral naturalness. We will begin with a review of the original incarnation of f -SUSY, which is a 5D model with maximal Scherk-Schwarz twist [4] . We will provide an estimate indicating that f -SUSY at maximal twist does not break electroweak symmetry, motivating the exploration of models with nontrivial twists. We then discuss the general features of these models, which yield a non-zero Higgs vev at one loop. This section provides the requisite background and motivation for the two detailed models that we will consider in Secs. IV and V.
The essential idea underlying this avatar of neutral naturalness is the pairing of opposite-2 As discussed in Appendix F, there is a possible exception when brane-kinetic terms are allowed to be negative. In this case, the existence of KK states with zero norm at tree level necessitates working to higher order in perturbation theory. We leave a full analysis of this scenario to future work. 
A. Folded Supersymmetry at Maximal Twist
In the minimal incarnation of f -SUSY, the bulk gauge group is SU (2) Table I . The "folded" multiplets have an inverted hierarchy between the fermionic states and their superpartners, enforced by choosing opposite eigenvalues of Z 2 for matter versus f -matter. The resulting spectrum is sketched in Fig. 2 . Note that the gauge sector is not folded; the zero-mode gauge bosons are massless and the lightest gauginos have mass 1/(2 R).
Sketch of KK top sector spectrum at maximal twist.
The following Yukawa couplings are allowed:
where y The squarks likewise receive soft masses at one loop from their gauge and Yukawa couplings. In particular, the (f -)stop soft masses are [4] 
where K = 7 ζ(3)/4 2.1 and an exact Z f 2 symmetry on the values of the couplings has been assumed for the numerical evaluation.
At two loops, these SUSY-breaking masses feed into the Higgs potential. It is reasonable to assume that the dominant effect of this two-loop soft-breaking of SUSY can be captured by including the one-loop soft masses as a shift in the pole of the propagator for the relevant states.
3 Note that we model this effect as a universal shift in the mass of the entire tower of (f -)top squarks, which is a reasonable approximation given the explicit values shown in Eqs. (6) . Then the contribution to the Higgs mass squared parameter can be computed using standard 5D techniques, as described in Appendix D. The result is
where µ is the standard MSSM Higgsino mass, the second term is due to the one-loop contribution from gauge/gaugino loops, and the third term comes from our approximate evaluation of the leading two-loop effects. We denote by mt the universal one-loop stop/fstop soft mass in the approximation that all the stops and f -stops receive identical radiative corrections to their masses.
Using Eq. (7), it is straightforward to see that achieving m needs to be strictly larger than this for µ = 0.
Combined with Eqs. (6) , this provides evidence that the model as originally constructed does not break electroweak symmetry. Specifically, the one-loop stop/f -stop mass would need to be a factor of ∼ 3 larger before this two-loop effect would overwhelm the one-loop soft mass from the gauge sector and drive electroweak symmetry breaking.
We note that our approximate two-loop contribution in Eq. (7) differs from the two-loop estimate in [4] , which was used to argue for the viability of electroweak symmetry breaking at maximal twist. The estimate in [4] was performed by running the Higgs mass from the (f -)top sector states starting at the scale 1/R, yielding a dependence on log(R mt). However, the calculation involving the full sum over KK modes depends on log(4 π R mt), which proves critical for overcoming the positive gauge contribution. This can be understood from the five-dimensional perspective -the argument of the logarithm should be a function of 2 π R, rather than R, because loops must propagate a distance 2 π R from one boundary to the other and back again in order to see that SUSY is broken. Note that the finite terms in Eq. (7) also play a numerically non-trivial role.
There are a couple of important caveats to this claim. It is possible that additional corrections from the full two-loop calculation could yield the proper vacuum. Furthermore, this calculation assumes that the incalculable, brane-localized Kähler potentials for the top and f -top superfields are negligible. Nevertheless, we take this as motivation to extend the model in order to achieve electroweak symmetry breaking at one loop.
B. Folded Supersymmetry at Arbitrary Twist
The choice of α = 1/2 made the top quark and f -stop zero modes degenerate at tree level, thereby endowing f -SUSY with bi-fold protection (see Fig. 2 ). By moving α away from 1/2, the degeneracy is broken, and with it, the bi-fold protection of the Higgs potential.
The twist can be formulated as follows. There are two possible actions for 5D orbifolds:
reflection Z about y = 0, and translation T by 2 π R. These can be identified with the Z reflection about y = 0 and the Z = T Z reflection about y = π R defined in Eq. (1).
Discussing the twist in the language of the translation is more natural from the perspective of action on superfields which are not eigenstates of Z 2 .
For the matter fields, the Z 2 acts as
where
and f = 0 (1) for matter (folded) fields. The gauginos transform as do the matter fields in Eq. (9), while the A µ and Σ transform as in Table I . The transformation properties of bulk Higgses are given in Appendix B.
After electroweak symmetry breaking, the combination of the non-maximal twist and the top Yukawa on the y = 0 brane yields kinked KK wave functions for the stops: with {y} ≡ y mod 2 π R, such that {y} is restricted to the fundamental domain. Here 
This spectrum is sketched in Fig. 3 .
Since it acts differently on SU (2) R doublets and singlets, the non-trivial twist also impacts the gaugino masses. For every vector supermultiplet, there is a zero-mode Majorana gaugino closer to the weak scale, where strong LHC limits enter to provide relevant constraints. As we will see in the following sections, it will not be possible to achieve the measured Higgs vev and mass without falling afoul of existing phenomenological constraints, and so some additional ingredients are required. Before proceeding to the complete models, we will first make a few generic comments about f -SUSY phenomenology.
C. Folded Phenomenology
Folded SUSY contains all of the phenomenology of the MSSM, along with a very rich set of observables from the folded sector. Given the choice of requiring calculable SUSY breaking from extra dimensions, we will demonstrate below that the dominant constraints on the parameter space will be due to standard MSSM-like signatures: Higgs mixing and heavy Higgs production for the brane Higgs model (see Sec. IV) and gluino-squark limits for the bulk Higgs model (see Sec. V). Generically, twisted f -SUSY models predict an MSSMlike discovery immediately followed by the observation of folded-sector states. The purpose of this section is to briefly review some of these observables, along with some additional complications that are required to make f -SUSY compatible with cosmology.
Recall that the folded states couple to the Standard Model via the electroweak gauge group along with their Yukawa couplings to the Higgs (this is only relevant for the 3 rd generation) -thus folded states may be produced via either electroweak processes or the Higgs portal. Since there are no light fermions in the folded sector, the folded phenomenology is very different from that of the visible sector.
The phenomenology of f -squark production at hadron colliders has been studied in detail in [4, 5, 18, 21, 22] ; here we briefly summarize the relevant physics and make several new observations. When pairs of f -squarks are produced at the LHC, the lack of light fermions implies that the color string (with associated confinement scale Λ f ∼ Λ QCD ) connecting these states cannot be broken by pair production from the vacuum. The result is that the f -squark pairs rapidly radiate f -glueballs and soft photons before eventually annihilating.
The dominant annihilation products depend sensitively on the properties of the f -squark pair. Neutral-current production of light-flavor f -squarks typically ends in annihilation to twin glueballs, while charged-current production typically ends in annihilation to W ± γ.
The situation is somewhat different for f -stops and f -sbottoms. If the f -stops are heavier than the f -sbottoms, they typically undergo β-decay before annihilating, and the phenomenology is similar to that of light-flavor f -squarks. However, if the f -stops are lighter, then the f -sbottoms undergo β-decay into the f -stops, and annihilation may proceed into final states involving Higgs bosons. Although the spectrum of f -squarks is nominally fixed in terms of α and R, the effects of incalculable brane-localized wave function renormalization factors can yield a re-shuffling of the f -squark spectrum, so that all possible orderings should be considered. Thus the generic signatures of f -squark pair production are resonances in V V channels where V, V = W ± , Z 0 , γ, h, g f , depending on the identity of the f -squark pair. Note that the timescale for this annihilation is prompt at the LHC. Limits have been estimated for these channels, leading to a bound of mq f 300 − 500 GeV from W ± γ resonance searches [5] . Although no current bound has been placed using W ± h and h h resonance searches, these should provide interesting limits as well. Decays entirely into fglueball states followed by displaced decay to light Standard Model states are also likely to prove promising [22] .
There is also phenomenology associated with the f -sleptons. In particular, the lightest f -slepton is stabilized by f -lepton number and, in some cases, R-parity conservation. If it is electromagnetically charged, there are strong cosmological constraints. A simple way to avoid such constraints is to add additional terms to the superpotential that violate these symmetries. For example, including y
in the superpotential on the y = 0 brane would allow the f -sleptons to decay to di-jets. The Yukawa coupling is included so as to avoid spoiling the MFV assumption for the MSSM states. As the f -slepton must only decay before BBN, the residual flavor violation from the f -lepton sector can be made negligible.
Despite the R-parity violation, the lightest neutralino remains stable, as all lighter fermions carry either Standard Model baryon or lepton number, which are unbroken by the addition of this operator.
Alternatively, another version of f -SUSY could be constructed where the Z f 2 symmetry only applies to colored states, such that there is no doubling of bulk lepton supermultiplets.
In this case, the zero-mode spectrum remains anomaly-free despite the elimination of folded lepton supermultiplets as all f -leptons are made massive from boundary conditions even when the lepton sector is folded. The only possible consequence of the missing matter is the introduction of bulk Wess-Zumino consistency terms [49] , which have no significant impact on the phenomenology discussed here.
IV. Higgs on the Brane
Here we consider the field configuration of the original model of f -SUSY: the matter and gauge fields are taken to propagate in the bulk, so that their zero-mode superpartners are all lifted by Scherk-Schwarz SUSY breaking, while the Higgs doublet chiral superfields H u,d
are confined to the y = 0 brane. This setup is sketched in Fig. 4 . As in the MSSM, a µ-term is required to lift the Higgsinos above current bounds, leading to an irreducible, tree-level One minimal solution for lifting the second Higgs doublet without introducing new sources of SUSY breaking is to introduce the leading "BMSSM" operator which appears at dimension-5 in the superpotential [27, 51] . Supersymmetry is still broken strictly by boundary conditions; the new contribution acts as an effective b µ term after electroweak symmetry breaking. The BMSSM operator also modifies the quartic of the light Higgs, but in most of the viable parameter space this is a small correction -the dominant correction to the tree-level prediction for the Higgs mass comes from the radiative quartic coupling.
The complete viable model is given by the brane superpotential In the 4D theory, this leads to non-conservation of both KK number and KK parity, with the result that the number of sums over KK modes grows with the number of external Higgs legs.
Therefore, it is important to include the full resummed Coleman-Weinberg potential for any contributions that are not already present at tree level. There is a tree-level contribution to the quartic from gauge couplings, and to H u −H d mixing from the BMSSM terms; therefore, we only include the fixed-order contributions from these sources. The resulting potential is
with
Note that in the plots, we have also included the O (1/M 2 ) contributions to the potential, which are omitted here for brevity. The effects of these terms on the numerical results are minor.
Electroweak symmetry breaking compatible with existing constraints can now be realized.
In In principle, the parameter space is also constrained by direct search limits on heavy scalar and pseudoscalar Higgs states, which extend to ∼ 1 TeV at large tan β [54, 55] . However, the viable parameter space for EWSB falls at moderate values of tan β with m A 1.5 TeV already. Constraints on MSSM superpartners could also be relelvant, but given the large 1/R 25 TeV, these constraints are subdominant. The result is that f -SUSY with branelocalized Higgses is tuned at around the 0.2% level. In the least-tuned regions of parameter space compatible with Higgs coupling measurements, the f -stop masses are on the order of 
V. Higgs in the Bulk
The experimental tensions discussed in the previous section motivate exploring models where the Higgs propagates in the bulk, since the choice of boundary conditions that yields a light scalar Higgs is compatible with one that lifts the Higgsinos and other Higgs scalars to scales ∼ 1/R. As we will discuss below, a pair of bulk hypermultiplets H A,B will be required.
A sketch of the geography for this model is given in Fig. 6 . Note that in this setup, the up-type Yukawa is confined to the y = 0 brane, while the down-type Yukawa couplings are located on the π R brane and involve H [34, 56] , a natural choice would be to attempt to fold the 5D MSSM with a single bulk Higgs hypermultiplet. In fact, the MSSM version of that model predicts a Higgs boson with mass consistent with the now-observed value [34] . However, the corresponding prediction for the radius of compactification is 1/R ∼ 700 GeV, with a gluino around 350 GeV. One could hope that folding this model at arbitrary twist would yield a partial reduction of the negative, y t -dependent Higgs soft mass, thereby raising 1/R. However, this fails because at non-trivial α, the zero-mode Higgs doublet receives a positive KK mass at tree level.
One viable extension is to introduce a second bulk Higgs doublet. An additional SU (2) H symmetry rotates the two Higgs hypermultiplets H A,B into each other. The twisted boundary conditions can be modified to take advantage of this extra freedom in order to yield a single massless Higgs doublet at low energies. Specifically, the action of the Z 2 at y = 0 is taken to be
while the 2 π R translation T is given by 
Note that we have implicitly set the SU (2) H twist angle equal to the SU (2) R twist angle.
Whether these angles are free parameters or instead determined by dynamics depends on physics above the cutoff. If they were unequal, then the light Higgs boson would receive an O(1/R 2 ) tree-level positive mass squared proportional to the misalignment between these parameters.
This choice of boundary conditions leads to a single light Higgs scalar h (0) and heavier
Higgs scalars and higgsinos with masses ∼ α/R; the KK decomposition is given in Eq. (B6).
One of the consequences of this configuration is the vanishing of the tree-level D-term quartic for h (0) . Therefore, in contrast to the brane Higgs model, an additional source of quartic is required in order to lift the Higgs boson mass to the observed value. We choose to do this by adding a brane-localized singlet S and an NMSSM-like coupling between the singlet and the Higgs bosons:
Note that since the singlet has a large supersymmetric mass, it will not get an appreciable vev; furthermore, singlet-Higgs mixing will remain sufficiently small so as not to affect Higgs coupling measurements.
For the parameter space of interest, the singlet-Higgs coupling will be O(1) to accommodate m h = 125 GeV. In particular, the Higgs mass-squared is entirely determined by oneloop contributions, predominantly from the singlet and top Yukawa couplings (neglecting the small tree-level contribution from the singlet vev). Therefore, it is important to include the leading radiative contributions to the Higgs potential from these couplings. Following a similar justification to that given in Sec. IV above, the full Coleman-Weinberg potential from the (f -)top states is included. The one-loop contribution to the Higgs mass parameter from loops involving the singlet is evaluated at fixed order, as there is a tree-level contribution to the quartic proportional to λ (5) . Note that there is no longer a tree-level quartic from the SU (2) W ×U (1) Y gauge bosons. However, the Higgs vev no longer breaks KK number/parity (although the top Yukawa coupling does), removing the proliferation of sums over KK modes in gauge/gaugino loops. Thus we need only include the fixed-order contribution to the Higgs mass. In analogy with Eq. (13), the potential for the zero-mode Higgs is
where Now that we have the tools to explore the vacuum structure of the model, we may work out the dominant constraint on the parameter space. Recall that in this model the gauginos, squarks, and Higgsinos are all bulk fields. Given the choice of boundary conditions, the zero modes for all of these states receive α/R-sized masses from boundary conditions. Naively, this implies that the gluinos, squarks, and neutralinos will all be degenerate, while constraints on gluino-squark-neutralino simplified models will yield the strongest bounds. To determine precise bounds, we must consider both the dominant gluino decay channels and the level of degeneracy between the various states. The O(α/R) estimate for the neutralino mass is modified by mixing due to the vev of the Higgs (along with the presence of the S-fermion, whose mass is similar to α/R in the viable parameter space). The neutralino and chargino wave functions can be computed explicitly including the discontinuities that result from the Higgs and singlet vevs. We find that the neutralino mass is degenerate with the colored superpartners with a splitting of at most O(20%).
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In addition to calculable contributions to the masses, there are incalculable contributions from brane-localized Kähler terms that can shift the mass spectrum as discussed in detail in Appendix F. This can change the qualitative features of the LHC signatures in various ways. While we expect the splitting between the gluino and lightest neutralino to be robust, for extreme cases this degeneracy could be spoiled. Another interesting variation occurs by changing the identity of the lightest squark. For example, if the stop becomes lighter than the light-flavor squarks, the gluino decay proceeds through one or two off-shell tops. Gluinosquark associated production then involves a decay to a nearly degenerate neutralino, two tops, and light-flavor jets. This specific signature has not been searched for directly at the LHC and presents an interesting opportunity for a new analysis.
While this somewhat-exotic signature is possible, for a wide range of the parameter space the dominant channel will be gluino and squark production with decays into light-flavor quarks and nearly-degenerate neutralinos. Hence, jets + MET searches at the LHC are relevant [57, 58] . An exclusion plot in the gluino/squark versus neutralino plane in the associated gluino-squark production channel for this model has been given in [57] . While this result does not include all the possible production modes in the simplified model, it does provide constraints on the largest production channel and therefore provides a reasonable approximation of the full limit. In particular, this result captures the degree of degradation to the limits that results from degeneracy of the spectrum. Therefore, we use this published limit as an estimate of the exclusion in our results below.
Two slices of the viable parameter space are given in at LHC13 will provide a strong test of the minimally tuned region of parameter space, and the observation of f -squarks would follow a discovery in this channel. While the level of fine-tuning here is similar to that found in other effective theories of "Natural SUSY"
with low cutoffs, it is worth emphasizing that f -SUSY provides a fully calculable model of SUSY breaking. In comparison to other such models, e.g. low-scale gauge mediation, the fine-tuning in f -SUSY is quite mild.
VI. Conclusions
In this paper we have constructed the first calculable models of folded supersymmetry with successful electroweak symmetry breaking at one loop. To do so, we have generalized the original f -SUSY framework to incorporate non-trivial Scherk-Schwarz twist. We have also exploited some of the geographical freedom allowed by 5D theories, considering models in which the Higgs doublets are brane-or bulk-localized. • Exploring the opportunities provided by anomaly cancellation. Crucially, the boundary conditions of f -SUSY leave no light folded fermions, so that zero-mode anomaly cancellation is insensitive to the precise choice of bulk folded states. Consistency of the 5D theory still may require the introduction of bulk Chern-Simons terms, but these do not significantly alter the folded mechanism. We have pointed out that this may be used to evade bounds on folded sleptons, but may be exploited more generally to produce more minimal models along these lines.
• Considering additional sources of SUSY breaking. In this work we have restricted ourselves to SUSY breaking by boundary conditions in order to preserve the calculability of the Scherk-Schwarz twist. However, this restriction leads directly to many of the dominant constraints in our models, which may be ameliorated by the introduction of additional sources of SUSY breaking. In particular, this may imbue the original folded proposal with viable electroweak symmetry breaking and weaken bounds from conventional searches for SUSY partner states.
In the absence of new physics signals, the question of the smallness of the weak scale becomes increasingly pressing. The exploration of novel theories that explain the lightness of the Higgs mass continues, and neutral naturalness represents a promising paradigm that accommodates null results but nonetheless yields experimentally observable consequences.
As we learn more from the now-ongoing run of the 13 TeV LHC, data will only sharpen the question and encourage further exploration. This work has demonstrated that if we live in a folded world, then it is likely that we will know about it very soon.
Weiner for useful conversations. TC is supported by an LHC Theory Initiative Postdoctoral 
A. Boundary Conditions
The starting point for all of our calculations will be to solve for the boundary conditions of the bulk fields. At arbitrary twist angle α, doublets of SU (2) R obey the following transformation properties:
where f = 0 (1) for the MSSM (folded) fields, and σ i are the Pauli matrices. Any generic SU (2) R twist can be brought to the form in Eq. (A1) through an SU (2) R transformation.
For fields that do not transform under SU (2) R , we define an "effective" Scherk-Schwarz twist. For example, the bulk matter fermions have the following transformation properties:
where (ψ, ψ c ) are the fermionic components of a bulk hypermultiplet. Since e −i π f σ 2 = (−1) f , the MSSM (folded) fermions have an effective Scherk-Schwarz twist α = 0 (1/2).
In order to simplify calculations involving both MSSM and folded bulk fields, the result can be obtained by assuming there is only one SU (2) R doublet with twist α. Then the contributions from the additional states is captured by replacing α with the appropriate effective Scherk-Schwarz twist listed in Table II. MSSM Folded
Effective SS-twist 0 α
TABLE II: The effective Scherk-Schwarz twist for different 5D bulk states. The results for a given field can be extrapolated from those for SU (2) R doublets by replacing α with the appropriate effective Scherk-Schwarz twist. Note that for fields with zero effective SS-twist, an extra 1/ √ 2 factor must be included to appropriately normalize the 4D kinetic term.
B. Wave functions
Here we perform the KK expansions for all bulk fields. At non-maximal twist, squarks and gauginos mix with their SU (2) R partners. Their KK expansions take the form of a sum over SU (2) R doublet wave functions, Ψ n (y):
Here Ψ n (y) needs to satisfy the boundary conditions in Eq. (A1), and is given by
where n is an integer. The mass for each mode is m n = |n + α|/R. The fermionic wave functions and their folded counterparts can be obtained via Table II .
In general, Scherk-Schwarz symmetry breaking boundary conditions can involve symmetries other than SU (2) R ; this can lead to more complicated wave functions. For example, for our model where the Higgs fields are in the bulk, the Scherk-Schwarz twist can be embedded within any element of the SU (2) R × SU (2) H symmetry. One can fix an SU (2) R and SU (2) H basis such that the transformations for the Higgsinos are
with α → β. The H (n) , H c(n) pair up to form a tower of Dirac fermions with masses |n + β|/R. For the Higgs bosons, the KK expansion mixes all four scalars. Ignoring electroweak symmetry breaking, we find
where the matrices h n (y) and H n (y) are given by
Before electroweak symmetry breaking, the masses for the h (n) and H (n) modes are |n + α − β|/R and |n + α + β|/R, respectively. Fixing α = β results in a massless h 
C. Boundary Fields and Discontinuities
When the 5D Lagrangian contains interaction terms localized on the boundaries, the 5D
wave functions can develop kinks and discontinuities. One such important interaction comes from the Higgs; a non-zero vev for a 4D Higgs field (either a boundary or KK state) H = v induces a brane-localized mass. Consider the superpotential for the top sector at finite v,
where y t is the 4D top-yukawa coupling. The same brane-localized interaction exists for the 
Here T ± n (y) are the 5D wave functions that satisfy the equation of motion in the domain y ∈ (− , 2 π R − ):
The δ(y) terms in ∆ will force T to develop a discontinuity at y = 0. Due to the Scherk-Schwarz boundary conditions, the discontinuity is extended to all integer multiples of 2 π R. Away from the discontinuities, the equation of motion are still solved by the cosine and sine functions in Eq. (B2), up to n-dependent phase shifts. In order to introduce a periodic discontinuity to the wave function, it is convenient to introduce the function {y} ≡ y mod (2 π R); {y} maps the real line onto the fundamental domain [0, 2 π R) and contains a finite jump from 2 π R to 0 at every integer multiple of 2 π R.
Doublets of SU (2)
R that satisfy the boundary conditions and have a discontinuity at y = 0 can be written as
where k is not restricted to integer values. The extra −π k phase ensures that σ 3 Ψ k (−y) = Ψ k (y). Similar wave functions have been considered before in [59] . Note that Ψ k (−y) matches the continuous version in Eq. (B2) when k is taken to be an integer. A sketch of the two components of the wave function Ψ k (y) with α = 1/2 is shown in Fig. 8 . The cosine component develops a kink but remains continuous since it is even under reflection about y = 0. On the other hand, the sine component develops a finite, discontinuous jump across y = 0 and is odd under reflection about y = 0.
Taking the derivative for the sine component, the discontinuity at y = 0 gives a delta function. In order to satisfy the equation of motion, the δ(y) terms from ∂ 5 and ∆ must cancel, which leads to an equation for k that has discrete solutions k n . The KK modes are
Even Odd found to be
where n is any integer. The operator ∂ 5 − ∆ acting on T simply picks out the smooth part of the derivative; thus the masses of the KK modes are given by
D. One-loop Coleman-Weinberg Potential
In order to evaluate the vacuum structure of the models discussed in the main text, the Coleman-Weinberg contribution to the Higgs potential from the top/f -top sectors must be evaluated. At one loop [60] V CW (v) = 1 2
where F = 0 (1) for scalars (fermions), and v is the Higgs vev. In principle, the summation is over all degrees of freedom that couple to the Higgs, but here we will focus on the contributions proportional to y t . If the states running in the loop descend from bulk fields, a summation over KK modes is required. For the (f -)top sector, the v dependent KK masses in Eq. (C5) are analytic, and the one-loop Coleman Weinberg potential can be computed analytically:
where we have combined the contributions from the top and f -top sector together under the same summation over n for convenience. The potential can then be evaluated as sums of polylogarithms,
where constant terms have been dropped. Note that at maximal twist, V yt becomes vindependent (at one loop) due to the bifold protection.
E. One-loop Fixed-order Calculations
In addition to the Coleman-Weinberg potential from the top sector, there are other important one-loop contributions to the Higgs potential which are discussed in the following subsections.
Gauge soft mass
The bulk gauginos obtain tree-level, SUSY-breaking masses from boundary conditions.
These in turn yield a contribution to the Higgs soft mass at one loop. For convenience, we explicitly compute only the gaugino loops (see Fig. 9 ); the contribution from the bosonic gauge sector can be extracted by the replacement α → 0 in the gaugino result.
When the Higgs is brane-localized, it only couples to the N = 1 vector multiplet that is even under reflection about the y = 0 brane, such that only the diagram involving A straightforward diagrammatic computation reveals that the gauge soft mass in the brane and bulk Higgs models are the same (ignoring possible, small corrections ∼ (µR) 2 ):
Unlike the bulk matter contributions, the gauge soft mass is largest at maximal twist since there is no bi-fold protection in the gauge sector. The brane Higgs model presented in Sec. IV of the main text relies on a µ term in the brane-localized superpotential in order to give the Higgsinos non-zero mass. Since the treelevel spectrum exhibits SUSY breaking, a b µ term is generated at one loop. There are two contributions to b µ , one proportional to the top Yukawa and another from gauge interactions.
The (f -)squark contribution relies on the following interactions from the F -term potential: Figure 10 shows the one-loop contribution to the b µ term from the top/stop sector. Resolving the δ(y) in these interactions requires a double summation over the KK tower -the resulting contribution dominates over that from gauge loops, since the latter only contains a single sum. Explicitly, breaking. Therefore, we conclude that this level of approximation is sufficient for the exploration of the parameter space discussed in Sec. IV.
Singlet Soft Mass
In the bulk Higgs model, a brane-localized singlet S with an NMSSM-like coupling to the Higgs states is included in order to reproduce the measured value of the physical Higgs mass. In the parameter space of interest, this coupling is large enough that the leading loop correction involving this interaction should be included. The superpotential for this model includes
which can be used to construct the one-loop singlet-Higgs diagrams shown in Fig. 11 .
Explicitly, this yields
where we have defined λ ≡ λ 
F. Brane Localized Kinetic Terms
The 5D theories of interest become strongly coupled at scales Λ not too far above 1/R.
One way that this non-perturbative physics manifests is in the form of incalculable branelocalized Kähler potentials,
where O i (O j ) are Kähler operators that respect the local N = 1 supersymmetry at y = 0 (π R). Ignoring gauge interactions, the lowest-dimension operators are of the form
, which could, in principle, lead to sizable corrections to the Higgs potential. Note that, in general, these arbitrary brane-localized kinetic terms lead to large rates for flavor violating observables. We will assume that the flavor structure of these terms is controlled by MFV 7 [61] , such that we can neglect these constraints.
It is also possible that large Z-factors which descend from strong dynamics could spoil the feature of calculability espoused above. Using naive dimensional analysis (NDA), the sizes of these Z-factors are estimated to be ∼ 3 π/(2 Λ) ∼ R [62] . In this section, we will study their impact with a focus on corrections to the Higgs potential.
Of particular concern are the Z-factors at y = πR. The Z f 2 symmetry that exchanges matter superfields with their folded counterparts is not respected by boundary conditions on this brane; as a result, no relationship between matter and folded Z-factors should be assumed. The brane-localized Z-factors kink the wave functions for the relevant states, modifying the Higgs/(f -)squark wave function overlap at y = 0 and splitting the effective top Yukawa couplings between the MSSM and folded sectors. This could spoil the bi-fold protection of the KK spectrum, potentially leading to large corrections to the Higgs potential.
Nevertheless, the underlying supersymmetry of the UV theory prevents the re-introduction of quadratic divergences.
In practice, the discontinuities derived from the Z-factors lead to transcendental expressions for the KK spectrum, spoiling summability of the KK contributions in terms of simple analytic functions. To keep numerical calculations tractable, we only consider in detail the effects of adding a Z-factor for the U type fields at the y = π R brane, corresponding to adding the following terms to the Kähler potential:
Here the prime on U denotes the superfield whose scalar component is even around the y = π R brane. In the following, we will only focus on the scalars as the fermionic wave functions can be extrapolated from the scalar ones by taking α → 0. The equations of motion for u , the scalar component of U , are
The δ(y − π R) function will introduce discontinuities in the 5D wave functions. The ansatz from Eq. (C4) applies, and the resulting KK expansion is given by
The mass of each KK mode is given by m n = |k n + α|/R. Figure 12 shows the change in 7 The Q c superfield is required to have the conjugate flavor charges of Q. m 0 as a function of Z U . At α = 0, the mass shift is exactly zero due to the restoration of accidental SUSY.
A positive Z-factor of order 3 π/2 Λ from NDA yields a 10-20% shift in the mass of the lightest KK mode. The mass-shifts for higher KK modes are smaller. As a result of these shifts, the spectrum of bulk matter fields can only be reliably computed at the 10-20%
level. This implies an inherent uncertainty in the level of compression between the colored superpartners and the LSP (and in the identity of the LSP itself, in some cases).
The Higgs couplings to the top/f -top sectors also depend on the Z-factors. In fact, the 4D Higgs-squark and Higgs-quark coupling are not equal due to the different 5D wave functions at y = 0. This mismatch of couplings would naively lead to hard SUSY breaking and reintroduce quadratic divergences, as the loop contributions do not cancel level by level.
However, this viewpoint mistakenly assumes a common 4D cutoff for scalars and fermions, which violates 5D Lorentz invariance. A better approach to study the UV behavior is to perform the calculations in terms of winding modes in the 5 th dimension [63] , where all divergences come from integrals over 5D momenta. It can be shown explicitly that no quadratic sensitivity to the cutoff appears in the calculation of the Higgs soft mass due as expected to the presence of 5D SUSY.
Next we will use the KK decomposition in Eq. (F4) to compute the modifications to the Higgs potential. Transcendentality of the KK spectrum implies that an analytic ColemanWeinberg calculation is not possible. Hence, a fixed-order calculation will be presented to provide an estimate for the effects of Z-factors. 2 ψ n 2 (0) 2 + 2 (n 1 + α)(k n 2 + α) ψ n 2 (0) (n 1 + α) 2 + 2 (k n 2 + α) 2 + 2 − α → 0 + folded sector ,
where ψ n 2 (0) is the wave function factor at the y = 0 brane and is given by 1/ 1 + Z U cos 2 (π k n 2 )/(2 π R). The contributions from the folded sector can be extrapolated from the MSSM result by substituting α → α − 1/2 and Z U → Z U f . To obtain explicit results, we truncate the series and perform a numerical integration over the remaining spectrum. The integration bound and the truncation order is fixed such that the numerical answer is within 1% of the analytic answer when Z U = Z U f = 0.
The left panel of Fig. 14 shows the fractional change of the Higgs soft mass from the top sector as a function of (Z U , Z U f ) at α = 1/4. The fractional changes are not very sensitive to the choice of α. For comparable Z U Z U f > 0, a 30% change in the soft mass is observed.
Corrections to the Higgs mass parameter from wave function factors on the y = 0 brane can also be read off of the figure. Noting that at y = 0 the Z f 2 symmetry forces the MSSM and folded Z-factors to be equal, it is clear that the corrections from these contributions are only O(10%).
It is also a logical possibility that the Z-factors are negative. However, in this case the transcendental relationship for k n given in Eq. (F4) has a complex solution. We will now demonstrate that this leads to the appearance of a zero-norm state in the KK spectrum.
8 As a simple example, take a generic bulk hypermultiplet (Φ, Φ c ) with a non-zero brane kinetic term for Φ on the y = 0 brane. Assuming the φ (φ c ) scalar is even (odd) on the y = 0 brane, 
Then keeping track of the complex value of k n the normalization is given by A n = sinh(2 π Im(k n )) 2 π Im(k n ) + Z 4 π R cos(2 π Re(k n )) + cosh(2 π Im(k n ))
Using the transcendental relation that defines k n , it is straightforward to show that the only consistent solution is A n = 0 for the complex k n . Therefore, the spectrum contains a state with zero norm at tree level.
The presence of this state may indicate that negative Z-factors could not be generated by well-behaved UV theories. For example, this state should receive a kinetic term at one loop; in principle, this can be negative, violating unitarity. In any case, the computation underlying Fig. 14 does not obviously generalize to include states with zero norm. We leave a full investigation of the impact of negative brane-localized Z-factors to future work.
We have checked that if one excludes this zero-norm state, NDA-sized negative Z- This highlights the challenge to calculability posed by brane-localized kinetic terms when the 5D cutoff is not parametrically separated from the inverse radius of compactification.
Nevertheless, we conclude that our results are valid across a wide range of parameter space.
